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Simple model
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Scalar waves

Simple model

e Perturbed spacetime

8uv = gfw + h;w huy <1

G = KT, = Euvlhap) = (source),,,

e Consider Schw BHs:

glsw = diag[—f,f~", r*, rsin” 6]
f=1-=%

r



Scalar waves

Scalar wave equation

e Simple toy model: Klein-Gordon eqn
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Scalar wave equation

e Simple toy model: Klein-Gordon eqn
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Scalar wave equation

e Separation of variables
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Scalar wave equation
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Scalar waves

Scalar wave equation

e Separation of variables

_ 1 —iwtwfmw
=5 [Zm/dwe — Yem (0, ®)

A52ng = 76((4’ 1)ng

! f

wzw +f0,(fo) — ( Of ) — Sl + 1) = —1fTyy, = S(r)

e Motivates

dr*il
dr_f

,
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Radial equation

e Result is a Schroedinger eqn:

Gravitational waves
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Scalar waves

Homogenous solutions

e Far from hole, ¢ 4+ w?) = 0
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e The same is true near the horizon, same free propagation



Scalar waves

Homogenous solutions

e Far from hole, ¢ 4+ w?) = 0

,(/) ~ e:l:iwr*

. oo ) e—iwu
—iwt —ilw(tFre)
e QZ} ~e - —iwvy
e
e The same is true near the horizon, same free propagation
e Slns some linear combination

i ~ Aom(w)e‘w* + App(w)e™r |y — o0
m e Wrs re — —00,

" e Fyu — 00,
up Bup(w)e™™ + Bgown(w)e ™™ | ry = —00



Scalar waves

Scattering states
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Scattering amplitudes

e Amplitudes give reflection and transmission coeff:

BN

1 t
T=— R = fo
Ain Ain




Scalar waves

Scattering amplitudes

e Amplitudes give reflection and transmission coeff:

BN

1
T=_— R — out
Ain Ain

e Define Wronskian
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e Can show W’ = 0 using radial eq




Scalar waves

Scattering amplitudes

e Amplitudes give reflection and transmission coeff:

BN

1
T=_— R — out
Ain Ain

e Define Wronskian

W1, o] = Y19 — oty

e Can show W’ = 0 using radial eq

W{thin, 5] = 2iw = 2iw(|Ain|* — |Aou®)
= 1 + |Aout|2 - |Ain|2

TR +IRE =1



Scalar waves

Scattering amplitudes

QNM

QNM excitation

Gravitational
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Scalar waves

Scattering amplitudes

General properties

1
T_ITm R_Ain

B S
5
g

TR+ R =1

e R »>0asw — oo
e |R—lasw—0

A key feature: for some discrete wy,,

A (Wlmn) =0



Scalar waves

QNMs

Quasinormal modes

QNM excitation

Im (w)

Figure: Leaver 1985

Gravitational waves
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QNMs

Geometric optics

e To get intuition, take limits. Fast phase:

O = Ae'/c e< 1



QNMs

Geometric optics

e To get intuition, take limits. Fast phase:

O = Ae'/c ek 1

orA

VIV, ® ~ —%aﬂaaﬂa@ + é (Aaﬂa + V“@Ma> P+ 0(e")
€



QNMs

Geometric optics

e To get intuition, take limits. Fast phase:

O = Ae'/c ek 1

orA

VIV, ® ~ —%aﬂaaﬂa@ + é (Aaﬂa + V“@Ma> P+ 0(e")
€

e Define k, = 0,0, o = kyx*

Kk, =0 V. (k'k,) = 0 = K"V ik, =0



QNMs
Geometric Optics

e Look for null geodesics that don’t scatter: unstable bound orbits
e Example: equatorial orbits
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QNMs

Geometric Optics

e Look for null geodesics that don’t scatter: unstable bound orbits
e Example: equatorial orbits

- a\® 1 [(dr\*
ds —O:>—f<d¢> +f(d¢> +r

e Use constants of motion

b_g_ﬂm/ﬁ_ﬁ@
£ fdt)d\  f dt

e Get orbit equation
11 dr2+11 MY 1 dr2+V
b A \do) 2 r ) \do ot

d Veff

=0 =3M
dr = 10
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Geometric optics

0.03
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e Can solve
d 1
b=3V3M a9 _, /1

= =Rl T 5

e Taking into account pattern speed, expect w == ¢S}
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Geometric optics
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e Decay: consider time scale for perturbed orbits to diverge from ry
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Geometric optics
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Scalar waves QNMs QNM excitation

Geometric optics

dr\2
(ﬁ) —(r=n)=r=r+e’ =r+e

e Lyapunov exponent:

Gravitational waves

17736



QNMs

WKB approximation

e An equivalent approach is WKB, assuming Mw > 1 and ¢ > 1:

)~ SotSit So = :I:i/ \Jw? = V(r)dr.

e Must match free slns across peak

I v v

T

Figure: Yang, Zhang, AZ, Chen (2014)



QNMs
WKB approximation

e Consistent matching gives

- 412
wr=(L+1/2)V(ro) = 3V3M
_ /[ 2dPV)drs _ n+1/2
wr= % . (4 1/2) = =3 An

I v v

Figure: Yang, Zhang, AZ, Chen (2014)



QNMs

Leaver’s Method

e Direct integration and “shooting” can get QNMs
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Leaver’s Method

e Direct integration and “shooting” can get QNMs

d*y

2
dr

+ (W= V)Y =0



QNMs

QNM blowup towards spatial infinity

fwry ei(wR—i'y)r* inr*e’yr*

= e

wup"‘e
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Leaver’s Method

e Direct integration and “shooting” can get QNMs



QNMs

Leaver’s Method

Direct integration and “shooting” can get QNMs

d*p

2
drs

+ (W= V)Y =0

Leaver (1985) provides the most accurate and efficient method

e Frobenius sln to 1, given BCs:

r —2iMw > M\"
_(_ _ iw[r—2M+4M In(r/2M)] _“
v=(m-1) 2 (1 r )

n=0

For QNMs, sum is convergent



QNMs

Leaver’s Method

e Sub to get a recurrence relation

apay + Poag =0

Qulpy1 + Buay + Ynlpn—1 =0

® Qy, ﬂm Tn depend on w, E, n
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Leaver’s Method

e Sub to get a recurrence relation
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QNMs

Leaver’s Method

Sub to get a recurrence relation

apay + Boap =0
Qudpt1 + Bnan + Wln—1 = 0

Qi Bu, v depend on w, £, n

Can iterate to get

a P m o
ao o Bi— B2 —

The CF eventually converges

e Truncate at some N, do a root solve for wy,,,

Also provides QNM wavefunctions g,
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Quasinormal modes

Im (w)

Figure: Leaver 1985
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QNM excitation

QNM excitation

e So far, just hom slns

e Transient sources and ID excite QNM ringing
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QNM excitation

e So far, just hom slns

e Transient sources and ID excite QNM ringing

e Green function (propagator):

N

OG(x*, x*) = =84 (x", xH)

O() = [ d'x'\/=g G, 5" [4nT (5]

+ (BCs)

25/36



QNM excitation

Green function

e GF also has mode decomp

G, x) = Z / dw e Y0, 9) Y, (0, 0 )g(r, 1)



QNM excitation

Green function

e GF also has mode decomp

G, x) = Z / dw e Y0, 9) Y, (0, 0 )g(r, 1)

e Radial GF
d2

dr

+(w7V)g:*6(r*7F*

'~
~—

* 09



QNM excitation

Green function

e GF also has mode decomp

G, x) = E)/““W“”n<awﬁM%dmm/>

e Radial GF

dzg

2
dr?

+ W= Vg =6~ 11)

e Solve by “variation of parameters”

wup(")win(r/) /
g(r r/) — 2i(;dAin rer
’ 77[}up(r )¢in(r) <y

ZiwAin



QNM excitation

Radial GF

i ~ Aou(W)e™™ + Apn(w)e ™", 1. = 00
m e re — —00,

" evrs Fe — 00,
~ ) .
up Bup(w)e™ 4+ Bgown(w)e™ ™™ | r, — —00

Source

Horizon Infinity
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QNM excitation

Radial GF

wup(r)win(r/) /

g(r r/) _ Zi(;dAin rer

’ wup(r )win(r) <
ZiwAm

e Normalization from Wronskian of two solutions

W[winv ¢up] = 2iwA;, (r — OO)

Source
Horizon Infinity

2 AN A
o




QNM excitation

Inverse Laplace transform

1 (it
G2y = — / dwe Y (0, 0) Y, (0, ¢)g(r, 1)
™

Im

e Integral over source and ID projects onto harmonic basis

e Focusing on an ¢, m mode with r > 7/,

oo+tic —iwt
o O(/ dww/drlwin(r/)sémw(r,)

—ocotic 2iwAin
oo+tic —iwt
e 1/’up(r )
= dw—
/, o i, @)



QNM excitation

Inverse Laplace transform

CU iwt
» - B, o / dwerj:i(r) f(w)

e Slns depend on analytic
properties in w

e Aj, = 0 are poles
e w = 0 is a branch point

e Domain of convergence
gives causality




QNM excitation

Example: far source, far observer

e Letr > ¥ > M, source
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QNM excitation

Example: far source, far observer

e Letr > ¥ > M, source

Imw 5("0)5(1‘0)
CU e*iw(ufug)
» A Dy x /dw%
2iw
Aoute—iw(u—w])
L —
C | Rew * / T iwAn
Cre




QNM excitation

Example: far source, far observer

Imw

e Letr > ¥ > M, source

§(r0)d(to)

(I)Em X /

e

dw

2iw

—iw(u—up)

—iw(u—vp)

+ / deoute

2iwAin

e For u > vy pick up poles by
Cauchy’s Thm

@%jM ox Z
n

Aout

wWOAin

Wn

e—iw,,(u—m)
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Example: far source, far observer

Vo = Ug + 270




QNM excitation
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Figure: Zhang, Berti, Cardoso (2013)



Gravitational waves

Gravitational perturbations

e Perturbations split naturally into odd (magnetic) and even (electric)
parities
e Odd (Regge-Wheeler):

r) sin 009 Yo (0, ¢)]

* % x O

* % O O

*» O O O
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Gravitational waves

Gravitational perturbations

e Perturbations split naturally into odd (magnetic) and even (electric)
parities
e Odd (Regge-Wheeler):

0 0 0 hy(r)
iw * 0 0 Mh(r .
h/tl/ =e ' x % 0 10( ) sin 9[89Ygo(9, (rb)}
* % % 0
e One variable suffices
AU
U~ = thl hy = L
r w dry



Gravitational waves

Gravitational perturbations

e Radial eq nearly the same

LU, ~
TK%‘F(W 7V_)\I/ —S
2M {+1 M
voo (1o (e oM
r r2 r3

e Asymptotics, scattering states, QNMs largely unchanged



Gravitational waves

Gravitational perturbations

e The same is true for even parity (Zerilli-Moncrief)

Hf H@< 0 0
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Gravitational waves

Gravitational perturbations

e The same is true for even parity (Zerilli-Moncrief)

Hof H 0 0
—iw * H 0 0
huu e ! * z*/f r2K 0 YZO(gv (b)
* * x  r2Ksin’0

Hy,H,,H,,K all related to U+

>t

— F W - V)et =5

e V. is more complicated, but same conclusions

U~ and U are isospectral
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