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Scalar waves QNMs QNM excitation Gravitational waves

Simple model

• Perturbed spacetime

gµν = gS
µν + hµν hµν � 1

Gµν = κTµν ⇒ Eµν [hαβ ] = (source)µν

• Consider Schw BHs:

gS
µν = diag[−f , f−1, r2, r2 sin2 θ]

f = 1− 2M
r
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Scalar wave equation

• Simple toy model: Klein-Gordon eqn

�gΦ = ∇µ∇µΦ =
1√−g

∂µ
(
gµν
√−g∂νΦ

)
= −4πT

�gΦ = −1
f
∂2

t Φ +
1
r2 ∂r(fr2∂rΦ) +

1
r2 ∆S2Φ

∆S2 =
1

sin θ
∂θ(sin θ∂θ) +

1
sin2 θ

∂2
φ
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Scalar wave equation

• Separation of variables

Φ =
1

2π

∑

`m

∫
dωe−iωtψ`mω

r
Y`m(θ, φ)

∆S2 Y`m = −`(`+ 1)Y`m

ω2ψ + f∂r(f∂rψ)− f
r
(∂rf )ψ − f

r2 `(`+ 1)ψ = −rfT`mω = S(r)

• Motivates

dr∗
dr

=
1
f

r = r + 2M ln
( r

2M
− 1
)

r∗ ∈ (−∞,∞)
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Radial equation

• Result is a Schroedinger eqn:

d2ψ

dr2∗
+ (ω2 − V)ψ = S

V =

(
1− 2M

r

)[
`(`+ 1)

r2 +
2M
r3

]

-20 -10 0 10 20 30
0.00

0.05

0.10

0.15

0.20

0.25
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Homogenous solutions

• Far from hole, ψ′′ + ω2ψ = 0

ψ ∼ e±iωr∗

e−iωtψ ∼ e−iω(t∓r∗) =

{
e−iωu

e−iωv

• The same is true near the horizon, same free propagation
• Slns some linear combination

ψin ∼
{

Aout(ω)eiωr∗ + Ain(ω)e−iωr∗ , r∗ →∞
e−iωr∗ , r∗ → −∞ ,

ψup ∼
{

eiωr∗ , r∗ →∞ ,
Bup(ω)eiωr∗ + Bdown(ω)e−iωr∗ , r∗ → −∞
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Scattering states

ψin ∼
{

Aouteiωr∗ + Aine−iωr∗

e−iωr∗ ψup ∼
{

eiωr∗

Bup(ω)eiωr∗ + Bdown(ω)e−iωr∗
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Scattering states
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Scattering amplitudes

• Amplitudes give reflection and transmission coeff:

T =
1

Ain
R =

Aout

Ain

• Define Wronskian

W[ψ1, ψ2] = ψ1ψ
′
2 − ψ2ψ

′
1

• Can show W ′ = 0 using radial eq

W[ψin, ψ
∗
in] = 2iω = 2iω(|Ain|2 − |Aout|2)

⇒ 1 + |Aout|2 = |Ain|2

|T |2 + |R|2 = 1
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Scattering amplitudes

|R|

|T|

��� ��� ��� ��� ��� ���
���

���

���

���

���

���

�ω

10 / 36



Scalar waves QNMs QNM excitation Gravitational waves

Scattering amplitudes

• General properties

T =
1

Ain
R =

Aout

Ain

|T |2 + |R|2 = 1

• R → 0 as ω →∞
• |R → 1 as ω → 0
• A key feature: for some discrete ωlmn

Ain(ωlmn) = 0
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Quasinormal modes
The quasi-normal mrodes of Kerr black holes 293 
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FIGURE 1. First 60 Schwarzschild quasi-normal frequencies for I = 2 and I = 3. The odd-order 

frequencies are prominently marked; a few-even order frequencies are indicated as short 
bars perpendicular to the curves connecting the points. 

TABLE 1. REPRESENTATIVE SCHWARZSCHILD GRAVITATIONAL QUASI-NORMAL 
FREQUENCIES FOR I = 2 AND I = 3 

(Note the near-coincidence of the ninth I = 2 and the forty-first I = 3 frequencies with the 
'algebraically special' values (l- 1) 1(1 + 1)(l + 2) discussed by Chandrasekhar (I984).) 

1=2 1=3 
n (O)n n 

1 (0.747343, -0.177925) (1.198887, -0.185406) 
2 (0.693422, -0.547830) (1.165288, -0.562596) 
3 (0.602107, -0.956554) (1.103370, -0.958186) 
4 (0.503010, -1.410296) (1.023924, -1.380674) 
5 (0.415029, -1.893690) (0.940348, -1.831299) 
6 (0.338599, -2.391216) (0.862773, -2.304303) 
7 (0.266505, -2.895822) (0.795319, -2.791824) 
8 (0.185617, -3.407676) (0.737985, -3.287689) 
9 (0.000000, -3.998000) (0.689237, -3.788066) 

10 (0.126527, -4.605289) (0.647366, -4.290798) 
11 (0.153107, -5.121653) (0.610922, -4.794709) 
12 (0.165196, -5.630885) (0.578768, -5.299159) 
20 (0.175608, -9.660879) (0.404157, -9.333121) 
30 (0.165814, -14.677118) (0.257431, -14.363580) 
40 (0.156368, -19.684873) (0.075298, -19.415545) 
41 (0.154912, -20.188298) (-0.000259, -20.015653) 
42 (0.156392, -20.685530) (0.017662, -20.566075) 
50 (0.151216, -24.693716) (0.134153, -24.119329) 
60 (0.148484, -29.696417) (0.163614, -29.135345) 

This content downloaded  on Thu, 7 Feb 2013 13:37:25 PM
All use subject to JSTOR Terms and Conditions

Figure: Leaver 1985
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Geometric optics

• To get intuition, take limits. Fast phase:

Φ = Aeiα/ε ε� 1

∇µ∇µΦ ∼ − 1
ε2 ∂µα∂

µαΦ +
i
ε

(
∂µA

A
∂µα+∇µ∂µα

)
Φ + O(ε0)

• Define kµ = ∂µα, α = kµxµ

kµkµ = 0 ∇µ(kµkµ) = 0⇒ kµ∇µkν = 0
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Geometric Optics

• Look for null geodesics that don’t scatter: unstable bound orbits
• Example: equatorial orbits

ds2 = 0⇒ −f
(

dt
dφ

)2

+
1
f

(
dr
dφ

)2

+ r2

• Use constants of motion

b =
L
E =

r2dφ/dλ
fdt/dλ

=
r2

f
dφ
dt

• Get orbit equation

1
b

=
1
r4

(
dr
dφ

)2

+
1
r2

(
1− 2M

r

)
=

1
r4

(
dr
dφ

)2

+ Veff

dVeff

dr
= 0⇒ r0 = 3M
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Geometric optics

2 4 6 8 10
0.00

0.01

0.02

0.03

r

V

• Can solve

b = 3
√

3M Ω =
dφ
dt

= b
f
r2

∣∣∣∣
r0

=
1

3
√

3M

• Taking into account pattern speed, expect ω ≈ `Ω
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Geometric optics

2 4 6 8 10
0.00

0.01

0.02

0.03

r

V

• Decay: consider time scale for perturbed orbits to diverge from r0

1
b

=
1
r4

(
dr
dφ

)2

+ Veff|r0 +
1
2

d2Veff

dr2

∣∣∣∣
r0

(r − r0)2
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Geometric optics

2 4 6 8 10
0.00

0.01

0.02

0.03

r

V

(
dr
dφ

)2

− (r − r0)2 ⇒ r = r0 + eφ = r0 + eΩt

• Lyapunov exponent:

γ =
1

3
√

3M
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WKB approximation

• An equivalent approach is WKB, assuming Mω � 1 and `� 1:

ψ ∼ eS0+S1+... S0 = ±i
∫ r∗√

ω2 − V(r)dr∗

• Must match free slns across peak

I II III IV V

Figure: Yang, Zhang, AZ, Chen (2014)
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WKB approximation

• Consistent matching gives

ωR = (`+ 1/2)V(r0) =
`+ 1/2
3
√

3M

ωI = −
√
−2d2V/dr2∗

V

∣∣∣∣∣
r0

(n + 1/2) = −n + 1/2
3
√

3M

I II III IV V

Figure: Yang, Zhang, AZ, Chen (2014)
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Leaver’s Method

• Direct integration and “shooting” can get QNMs

d2ψ

dr2∗
+ (ω2 − V)ψ = 0
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QNM blowup towards spatial infinity

ψup ∼ eiωr∗ = ei(ωR−iγ)r∗ = eiωRr∗eγr∗

21 / 36
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Leaver’s Method

• Direct integration and “shooting” can get QNMs

d2ψ

dr2∗
+ (ω2 − V)ψ = 0

• Leaver (1985) provides the most accurate and efficient method
• Frobenius sln to ψ, given BCs:

ψ =
( r

2M
− 1
)−2iMω

eiω[r−2M+4M ln(r/2M)]
∞∑

n=0

an

(
1− 2M

r

)n

• For QNMs, sum is convergent
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Leaver’s Method

• Sub to get a recurrence relation

α0a1 + β0a0 = 0
αnan+1 + βnan + γnan−1 = 0

• αn, βn, γn depend on ω, `, n

• Can iterate to get

a1

a0
= −β0

α0
= − γ1

β1−
α1γ2

β2 − . . .

• The CF eventually converges
• Truncate at some N, do a root solve for ω`mn

• Also provides QNM wavefunctions ψ`mn
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TABLE 1. REPRESENTATIVE SCHWARZSCHILD GRAVITATIONAL QUASI-NORMAL 
FREQUENCIES FOR I = 2 AND I = 3 

(Note the near-coincidence of the ninth I = 2 and the forty-first I = 3 frequencies with the 
'algebraically special' values (l- 1) 1(1 + 1)(l + 2) discussed by Chandrasekhar (I984).) 

1=2 1=3 
n (O)n n 

1 (0.747343, -0.177925) (1.198887, -0.185406) 
2 (0.693422, -0.547830) (1.165288, -0.562596) 
3 (0.602107, -0.956554) (1.103370, -0.958186) 
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5 (0.415029, -1.893690) (0.940348, -1.831299) 
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7 (0.266505, -2.895822) (0.795319, -2.791824) 
8 (0.185617, -3.407676) (0.737985, -3.287689) 
9 (0.000000, -3.998000) (0.689237, -3.788066) 

10 (0.126527, -4.605289) (0.647366, -4.290798) 
11 (0.153107, -5.121653) (0.610922, -4.794709) 
12 (0.165196, -5.630885) (0.578768, -5.299159) 
20 (0.175608, -9.660879) (0.404157, -9.333121) 
30 (0.165814, -14.677118) (0.257431, -14.363580) 
40 (0.156368, -19.684873) (0.075298, -19.415545) 
41 (0.154912, -20.188298) (-0.000259, -20.015653) 
42 (0.156392, -20.685530) (0.017662, -20.566075) 
50 (0.151216, -24.693716) (0.134153, -24.119329) 
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Figure: Leaver 1985
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QNM excitation

• So far, just hom slns
• Transient sources and ID excite QNM ringing

• Green function (propagator):

�G(xµ, xµ′) = −δ4(xµ, xµ′)

Φ(xµ) =

∫
d4x′

√
−g′G(xµ, xµ′)[4πT(xµ′)]

+ (BCs)
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Green function

• GF also has mode decomp

G(xµ, xµ′) =
1

2π

∑

`m

∫
dω e−iω(t−t′)Y`m(θ, φ)Y∗`m(θ′, φ′)g(r, r′)

• Radial GF

d2g
dr2∗

+ (ω − V)g = −δ(r∗ − r′∗)

• Solve by “variation of parameters”

g(r, r′) =





ψup(r)ψin(r′)
2iωAin

r > r′

ψup(r′)ψin(r)

2iωAin
r < r′
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Radial GF

ψin ∼
{

Aout(ω)eiωr∗ + Ain(ω)e−iωr∗ , r∗ →∞
e−iωr∗ , r∗ → −∞ ,

ψup ∼
{

eiωr∗ , r∗ →∞ ,
Bup(ω)eiωr∗ + Bdown(ω)e−iωr∗ , r∗ → −∞
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Radial GF

g(r, r′) =





ψup(r)ψin(r′)
2iωAin

r > r′

ψup(r′)ψin(r)

2iωAin
r < r′

• Normalization from Wronskian of two solutions

W[ψin, ψup] = 2iωAin (r →∞)
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Inverse Laplace transform

G(xµ, xµ′) =
1

2π

∑

`m

∫
dω e−iω(t−t′)Y`m(θ, φ)Y∗`m(θ′, φ′)g(r, r′)

• Integral over source and ID projects onto harmonic basis
• Focusing on an `,m mode with r > r′,

Φ`m ∝
∫ ∞+ic

−∞+ic
dω

e−iωtψup(r)

2iωAin

∫
dr′ψin(r′)S`mω(r′)

=

∫ ∞+ic

−∞+ic
dω

e−iωtψup(r)

2iωAin
f (ω)
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Inverse Laplace transform

Φ`m ∝
∫

dω
e−iωtψup(r)

2iωAin
f (ω)

• Slns depend on analytic
properties in ω

• Ain = 0 are poles
• ω = 0 is a branch point
• Domain of convergence

gives causality
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Example: far source, far observer

• Let r > r′ � M, source
δ(r0)δ(t0)

Φ`m ∝
∫

dω
e−iω(u−u0)

2iω

+

∫
dω

Aoute−iω(u−v0)

2iωAin

• For u > v0 pick up poles by
Cauchy’s Thm

ΦQNM
`m ∝

∑

n

Aout

ω∂ωAin

∣∣∣∣
ωn

e−iωn(u−v0)
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Example: far source, far observer
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QNM excitation
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FIG. 1. Different multipolar components of the radiation (l = 2, 3, 4, 5) for an infall from rest. Solid black lines are obtained from
a numerical solution of the perturbation equations in the Fourier domain [13, 50], followed by an inverse Fourier transform. The
other lines are obtained by summing an increasing numbers of overtones in the excitation coefficient calculation, as indicated
in the legend. In this plot, as everywhere else in the paper, we use units 2M = 1.

integral Ĩq increases as a function of the overtone index
n. However this increase is compensated by a compara-

ble decrease in the imaginary part of Ĩq , so that |Ĩq| is
roughly constant as a function of n.

Figure 1 compares the excitation coefficient calcula-
tion of Eq. (8) against numerical gravitational waveforms
for particles falling radially from rest. These waveforms
were computed using the frequency-domain codes de-
scribed in [13, 50], and then Fourier-transformed back
in time. Each panel corresponds to a fixed multipole
index (l = 2 , 3 , 4 , 5), and different line styles corre-
spond to ringdown waveforms obtained summing a dif-
ferent number of overtones. This plot generalizes and ex-
tends a similar comparison that can be found in Fig. 10
of Leaver’s original paper [1]. Leaver found a disagree-
ment at the 10% level, that he attributed to inaccuracies
in the Fourier transform of the numerical waveforms. We
have similar accuracy problems with the Fourier trans-
form of our data (computing Fourier amplitudes at low
frequencies ω is time consuming, because the computa-
tional domain must extend out to a radius r ∼ 1/ω), but

the level of disagreement that we observe is smaller than
in Leaver’s original analysis. Furthermore, the agreement
between our numerics and the excitation coefficient calcu-
lation gets better as l grows. Figure 1 shows quite clearly
that the addition of higher overtones generally improves
the agreement between the excitation coefficient calcu-
lation and the full numerical waveform at early times.
However there is no analytical proof that the expansion
in terms of overtones should be convergent [1], and in-
deed in a few isolated cases an expansion including a
large number of overtones can perform more poorly than
a similar expansion including a smaller number of over-
tones.

Figure 2 is similar to Figure 1, but it refers to a rela-
tivistic infall with (normalized) particle energy E = 10.
This figure shows that even by adding four overtones
we don’t get excellent agreement at the “absolute maxi-
mum” of the numerical waveform. Part of the reason is
that we can only get accurate numerical amplitudes at
frequencies Mω ! 10−3: to remove “memory effects” in
the inverse Fourier transform, we extrapolate our numer-

Figure: Zhang, Berti, Cardoso (2013)
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Gravitational perturbations

• Perturbations split naturally into odd (magnetic) and even (electric)
parities

• Odd (Regge-Wheeler):

hµν = e−iωt




0 0 0 h0(r)
∗ 0 0 h1(r)
∗ ∗ 0 0
∗ ∗ ∗ 0


 sin θ[∂θY`0(θ, φ)]

• One variable suffices

Ψ− =
f
r

h1 h0 =
i
ω

dΨ−

dr∗
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Gravitational perturbations

• Radial eq nearly the same

d2Ψ−

dr2∗
+ (ω2 − V−)Ψ− = S

V− =

(
1− 2M

r

)[
`(`+ 1)

r2 +
6M
r3

]

• Asymptotics, scattering states, QNMs largely unchanged
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Gravitational perturbations

• The same is true for even parity (Zerilli-Moncrief)

hµν = e−iωt




H0f H1 0 0
∗ H2/f 0 0
∗ ∗ r2K 0
∗ ∗ ∗ r2K sin2 θ


Y`0(θ, φ)

• H0,H1,H2,K all related to Ψ+

d2Ψ+

dr2∗
+ (ω2 − V+)Ψ+ = S

• V+ is more complicated, but same conclusions
• Ψ− and Ψ+ are isospectral
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